Discrete Lorentz symmetry and discrete spacetime translational symmetry
  in two- and three-dimensional crystals by Li, Xiuwen et al.
ar
X
iv
:1
90
7.
09
84
8v
1 
 [c
on
d-
ma
t.m
trl
-sc
i] 
 23
 Ju
l 2
01
9
Discrete Lorentz symmetry and discrete spacetime translational symmetry in two-
and three-dimensional crystals
Xiuwen Li,1 Jiaxue Chai,1 Huixian Zhu,1 and Pei Wang1, ∗
1Department of Physics, Zhejiang Normal University, Jinhua 321004, China
(Dated: July 24, 2019)
As is well known, crystals have discrete space translational symmetry. It was recently noticed that
one-dimensional crystals possibly have discrete Poincare´ symmetry, which contains discrete Lorentz
and discrete time translational symmetry as well. In this paper, we classify the discrete Poincare´
groups on two- and three- dimensional Bravais lattices. They are the candidate symmetry groups
of two- or three-dimensional crystals, respectively. The group is determined by an integer generator
g, and it reduces to the space group of crystals at g = 2.
I. INTRODUCTION
After the papers by Wilczek and Shapere1,2, the spon-
taneous breaking of time translational symmetry (TTS)
becomes a focus of research and controversy3–9. Accord-
ing to the special theory of relativity, time and space
must be put on the same footing. The existence of crys-
tals is a manifestation of space translational symmetry
(STS) being spontaneously broken into a discrete one10.
It is then natural to think that TTS can also be sponta-
neously broken into a discrete one.
It was soon noticed that the original definition of TTS
breaking by Wilczek is problematic. Bruno3, and Watan-
abe and Oshikawa4, proved that continuous TTS cannot
be broken in the ground state or Gibbs ensemble of a
quantum system. But this does not rule out the pos-
sibility of TTS breaking in nonequilibrium states. The
spontaneous breaking of TTS was redefined for period-
ically driven systems5. The proposals for experiments
were discussed6,7 and realized in 20168,9.
In the theory of special relativity, STS and TTS are
connected to each other by a rotation in spacetime, i.e.
the Lorentz transformation. Lagrangians must be invari-
ant under both the Lorentz transformation and spacetime
translation, which combine into the Poincare´ group11.
The low-energy states may have less symmetry. After a
process called spontaneous symmetry breaking, the sym-
metry group reduces to a subgroup of the Poincare´ group.
Examples are the space groups of crystals. It was long be-
lieved that crystals have discrete STS, continuous TTS,
but no Lorentz symmetry.
An exceptional possibility was discussed in Ref. [12]. In
1+1 dimensions, the Poincare´ group has subgroups that
include both discrete spacetime translations and discrete
Lorentz transformations. A crystal cannot have contin-
uous Lorentz symmetry, but it can have a discrete one.
As thus, it must have discrete TTS as well. The overall
translational symmetry is determined by a lattice in 1+1
dimensions. And the period of TTS is connected to the
lattice constant of crystal and the speed of light. The
possibility of crystals owning discrete TTS and Lorentz
symmetry has not been noticed before. Indeed, no ob-
servation of such a symmetry was reported up to now.
A possible explanation is that the period of TTS is too
small, only in the order of 10−18s.
In this paper, we generalize above results to higher di-
mensions. We classify the discrete Poincare´ groups in
1+2 and 1+3 dimensions. These groups are the candi-
date symmetry groups of the corresponding two- or three-
dimensional crystals. The STS of a crystal is given by its
Bravais lattice. There are 5 or 14 Bravais lattices in two
or three spatial dimensions, respectively. We find dis-
crete Poincare´ symmetry only on six of them. Table I
enumerate these lattices and the discrete symmetry on
them. Our results has potential application in the search
of exotic symmetry of crystals. Our finding might also
be interesting to ones who study quantum gravity. Some
approaches to quantum gravity propose the spacetime
to have a lattice structure13–18. And the study on dis-
crete Poincare´ groups provides a way of maintaining the
Lorentz symmetry on a spacetime lattice.
The paper is organized as follows. In Sec. II, we re-
view the discrete Poincare´ group in 1+1 dimensions, and
then introduce the method of generalization to higher
dimensions. Sec. III and IV contribute to 1+2 and 1+3
dimensions, respectively. Sec. V discusses the possible
way of observing discrete Poincare´ symmetry in crystals.
II. DISCRETE POINCARE´ SYMMETRY
Crystals have discrete STS. Their local properties
change periodically in space. In 1+1 dimensions, a crys-
tal looks the same under a spatial translation of coordi-
nates if and only if the translation distance is an integer
times of lattice constant. Between two reference frames
that are moving relative to each other, the coordinates
transform as a Lorentz transformation. Usually, crystals
look different in different reference frames. But Ref. [12]
showed that it is possible for crystals to look the same if
the relative velocity takes some specific values. The cost
is that the properties of crystals must change with time
at some specific periods. This kind of symmetry is called
the discrete Poincare´ symmetry.
All the coordinate transformations that keep a crystal
invariant make up a group, dubbed the discrete Poincare´
group. STS of a crystal is determined by its Bravais lat-
tice. The 1D Bravais lattice can be extended in the time
21D
2D 3D
Re M O Ob T H
R I D2 C2h D2h D2h D4h D6h
Y
n0r0 + n1r1
n0r0 + n1r1 n0r0 + n1r1 + n2r2
+n2r2 +n3r3
r1 = (0, a1, 0, · · · )
T , r2 ⊥ r1, r3 ⊥ r1,
r0 =
(
a1
√
g2 − 4/(2c), 0, 0, · · ·
)T
for even g,
r0 =
(
a1
√
g2 − 4/(2c), a1/2, 0, · · ·
)T
for odd g.
L
{
RB~vj
∣∣R ∈ R, ~vj ‖ r1
}
P P = L×Y
TABLE I. Discrete Poincare´ groups (denoted by P) on
the one-dimensional (1D), two-dimensional (2D) and three-
dimensional (3D) Bravais lattices. Re denotes the rectan-
gular lattice. M , O, Ob, T and H denote the monoclinic,
orthorhombic, base-centered orthorhombic, tetragonal and
hexagonal lattices, respectively. R is the point group of the
corresponding Bravais lattice. The set P is a direct product of
L andY, which are the groups of Lorentz transformations and
spacetime translations, respectively. The translation group Y
forms a spacetime lattice. Each vector of Y is a combination
of integer times of its primitive vectors. n0, n1, n2 and n3
are integers. r1, r2 or r3 are the primitive vectors of the cor-
responding Bravais lattice, while r0 is the temporal primitive
vector. In the expression of r0 and r1, a1 denotes the lat-
tice constant, c denotes the speed of light, and g ≥ 2 is an
integer generator which determines the shape of Y. The dis-
crete Lorentz group L contains the elements of R, as well as
the Lorentz boosts B~vj . The velocity ~vj in the Lorentz boost
must be in the direction of r1, and can only take some discrete
values (j is an integer).
direction to form a 1+1-dimensional spacetime lattice.
And this lattice is invariant under specific Lorentz trans-
formations. The discrete Poincare´ group indeed contains
these Lorentz transformations and the spacetime trans-
lation of lattice vectors.
The element of a discrete Poincare´ group is denoted
by Λ(L, r), which means a Lorentz transformation L fol-
lowed by a spacetime translation r. In 1+1 dimensions, L
is a 2-by-2 matrix and r is a two-components vector. Ac-
cording to definition, the product of two group elements
reads
Λ(L′, r′)Λ(L, r) = Λ(L′L,L′r + r′). (1)
The discrete Poincare´ group is found to be
P =
{
Λ
(
Lvj , rn0n1
) ∣∣∣∣j, n0, n1 = 0,±1,±2, · · ·
}
, (2)
where j, n0 and n1 are arbitrary integers. In the Lorentz
transformation, vj denotes the velocity of one reference
frame relative to the other, taking the value vj/c =
sign(j)
√
1− 4/m2j with c the speed of light. And mj
is an integer sequence satisfying mj+1 = gmj − mj−1,
where g is the generator of the sequence, m0 = 2, m1 = g
and m−j = mj . The translation vector rn0n1 reads
rn0n1 = n0r0 + n1r1, (3)
where r1 = (0, a1)
T
with a1 denoting the lattice con-
stant. And r0 equals
(
a1
√
g2 − 4/(2c), 0
)T
for even g or(
a1
√
g2 − 4/(2c), a1/2
)T
for odd g. Note that the first
component of a vector denotes the time coordinate, while
the second denotes the space coordinate.
A discrete Poincare´ group is determined by its gener-
ator g (g ≥ 2). As g = 2, we have mj ≡ 2 and vj ≡ 0.
P contains no Lorentz transformation, and the transla-
tion vector rn0n1 is purely spatial. This is the symmetry
group of 1D crystals in the orthodox view.
In the case g > 2, the spatial translations (n0 = 0) in
P keep the same. But P contains additionally discrete
Lorentz transformations and discrete TTS. As g > 2 is
even, the points rn0n1 form a rectangular lattice in 1+1-
dimensional spacetime. This lattice gives the spacetime
translational symmetry. Both TTS and STS are discrete,
which are connected to each other by the discrete Lorentz
rotations Lvj . The period of TTS is
√
g2 − 4a/(2c). As
g is odd, the points rn0n1 form a centered rectangular
lattice. The period of TTS becomes
√
g2 − 4a/c. The
velocity vj in the Lorentz rotation can only take discrete
values. For example, vj takes 0,
√
5c/3, 3
√
5c/7, · · · at
g = 3, or 0,
√
3c/2, 4
√
3c/7, · · · at g = 4.
P is the subgroup of the continuous Poincare´ group for
whatever g. It is reasonable to guess that P at g > 2 is
also the symmetry group of some crystals. If a crystal
chooses P at g > 2 as its symmetry group, it looks the
same after a coordinate translation only if the transla-
tion vector is rn0n1 . In other words, the local properties
(charge density, energy density, etc.) are varying not only
with space but also with time. They are periodic func-
tions of spacetime coordinates. At the same time, due
to the discrete Lorentz symmetry, this crystal looks the
same in different reference frames that are moving at the
velocity vj relative to each other. The density functions
keep invariant under Lvj .
Eq. (2) gives the discrete Poincare´ groups in 1+1 di-
mensions. In this paper, we generalize to 1+2 and 1+3
dimensions. For this purpose, we define the symmorphic
Poincare´ group. The element Λ(L, r) is a pure Lorentz
transformation as r = 0, or a pure translation as L = 1
(the identity matrix). We use L = {L} to denote a
group of Lorentz transformations, and Y = {r} to de-
note a group of translations. If the set P is a direct
product of L and Y and P is a group under the multipli-
cation rule (1), we say that P is a symmorphic Poincare´
group. This definition is similar to the symmorphic space
group in crystallography. In 1+1 dimensions, the discrete
Poincare´ group is indeed a symmorphic group.
In d ≥ 2 spatial dimensions, the Lorentz transforma-
tion L ∈ L is a (1+d)-by-(1+d) matrix. The translation
3r ∈ Y is a (1+d)-dimensional vector. L acting on r gives
the transformation of a vector between different reference
frames. If Lr is an element of Y for each r ∈ Y, we say
that Y is invariant under L. Note that Y is indeed a
lattice in (1 + d)-dimensional spacetime. Y being invari-
ant under L means that this lattice keeps the same after
the spacetime rotation L. If Y is invariant under each
L ∈ L, we say that Y is invariant under L. We construct
discrete Poincare´ groups based on next fact: L ×Y is a
symmorphic Poincare´ group if and only if Y is invariant
under L. The proof is given in appendix A.
In d ≥ 2 spatial dimensions, symmetry operations in-
clude rotation, reflection, inversion and improper reflec-
tion. These operations are denoted by R. And we use
B to denote a Lorentz boost (a symmetric matrix in the
unit c = 1). In general, a Lorentz transformation in 1+d
dimensions can be expressed as L = RB. In d ≥ 2 spa-
tial dimensions, the group L contains not only Lorentz
boosts, but also spatial rotations, reflections, etc.. In-
deed, it is not enough to identify a reference frame by
just giving its velocity. Because different reference frames
may differ by a rotation. This complexity causes all
the difficulties in the construction of discrete Poincare´
groups.
In our approach, we start from a d-dimensional Bravais
lattice, extending it in the time direction to form a (1+d)-
dimensional lattice Y. Therefore, Y contains the Bravais
lattice as its part. This is what we require for P = L×Y
being the symmetry group of a Bravias lattice.
We then check if Y is invariant under the Lorentz
boosts, rotations, reflections, etc.. These operations
make up the group L. L contains the point group of
the Bravais lattice. For example, for the 2D square lat-
tice, L must contain the spatial rotation of angles 0, π/2,
π or 3π/2. If L contains nothing more than the point
group, Y is obviously invariant under L (a Bravais lat-
tice is invariant under its point group according to def-
inition). In this case, we obtain a trivial symmorphic
Poincare´ group with no Lorentz transformation. It is the
symmetry group of crystals in the orthodox view.
For P to be nontrivial, L must contain at least one
Lorentz boost B~v with ~v 6= 019. We find that Y is invari-
ant under B~v ∈ L only if ~v is in the lattice direction, that
is ~v connects at least two sites of the Bravais lattice (see
appendix B). Without loss of generality, we suppose that
~v is in the x-direction. The sites ofY in the x-axis is then
a 1D Bravais lattice. Eq. (3) has told us the unique way of
extending a 1D Bravais lattice into a (1+1)-dimensional
spacetime lattice. In this way, we naturally obtain the
sublattice of Y in the t-x plane. We can then obtain the
whole Y and P = L ×Y (see the detailed derivation in
appendix C and D). P is the subgroup of the continu-
ous Poincare´ group, at the same time contains the space
group of Bravais lattice as its subgroup. In next sections,
we enumerate P in 1+2 and 1+3 dimensions.
O x
t
FIG. 1. A unit cell of Y for 2D rectangular lattice. The left
panel is for odd g, while the right panel is for even g.
III. TWO DIMENSIONAL BRAVAIS LATTICES
In two spatial dimensions, there are five Bravais lat-
tices: oblique, rectangular, centered rectangular, hexago-
nal and square lattices. There exist symmorphic Poincare´
groups on the rectangular lattice, but no symmorphic
Poincare´ groups on the other four lattices (see table I).
The derivation is given in appendix C.
Recall that an element of the symmorphic Poincare´
group is denoted as Λ(L, r), where L is an element of L
and r is an element of Y. Here L is the group of Lorentz
transformations and Y is the group of translations. r is a
vector in 1+2-dimensional spacetime, and can be gener-
ally expressed as r = (t, x, y)T where t denotes the time
and x and y denote the space coordinates. Two primitive
vectors of the rectangular lattice are r1 = (0, a1, 0)
T and
r2 = (0, 0, a2)
T with a1 6= a2.
The symmorphic Poincare´ group is determined by an
integer generator g ≥ 2. All the Lorentz boosts in Lmust
be in the same direction. It is either in the x-direction
or in the y-direction. Without loss of generality, we sup-
pose it to be in the x-direction. The temporal primitive
vector of Y is then r
(e)
0 = (
√
g2 − 4 a1/(2c), 0, 0)T for
even g, or r
(o)
0 = (
√
g2 − 4 a1/(2c), a1/2, 0)T for odd g.
An arbitrary vector of Y can be expressed as
rn0n1n2 = n0r0 + n1r1 + n2r2, (4)
where n0, n1 and n2 are integers. Fig. 1 shows a unit cell
of Y. Y in 1+2 dimensions is indeed an extension of the
1+1-dimensional spacetime lattice along a perpendicular
direction. Y is an orthorhombic lattice for even g or a
base-centered orthorhombic lattice for odd g.
The Lorentz boost in L can be expressed as
Bvj =


1√
1− v2j /c2
−vj/c2√
1− v2j /c2
0
−vj√
1− v2j /c2
1√
1− v2j /c2
0
0 0 1


, (5)
where vj = sign(j)
√
1− 4/m2j(g) c takes the same value
4FIG. 2. The boost direction on the (a) monoclinic, (b) or-
thorhombic, (c) base-centered orthorhombic, (d) tetragonal
and (e) hexagonal lattices. a1, a2 and a3 denote the lattice
constants. And we use β to denote the angle between two
primitive vectors in the y-z plane when it is not 90◦.
as in 1+1 dimensions. Bvj acting on a vector keeps
its y-component invariant. The transformation is purely
within the t-x plane.
We useR to denote the point group of a Bravais lattice.
For the rectangular lattice, R contains a rotation of angle
π in the x-y plane, a reflection across the x-axis and a
reflection across the y-axis. The discrete Lorentz group
L can then be expressed as
L =
{
RBvj
∣∣R ∈ R and j = 0,±1,±2, · · ·} . (6)
The element of L is the product of a spatial operation and
a Lorentz boost. In the case g = 2, Bvj is the identity
matrix and L reduces to R, that is the Lorentz symmetry
is absent. For g > 2, L gives a discrete Lorentz symmetry
in the x-direction, but no Lorentz symmetry in the y-
direction.
IV. THREE DIMENSIONAL BRAVAIS
LATTICES
In three spatial dimensions, there are 14 Bravais lat-
tices. There exists symmorphic Poincare´ symmetry on
the monoclinic, orthorhombic, base-centered orthorhom-
bic, tetragonal and hexagonal lattices (see table I). The
derivation is given in appendix D.
We denote a vector in 1+3-dimensional spacetime as
(t, x, y, z)T . Again, P = L ×Y denotes the symmorphic
Poincare´ group. The Lorentz boosts in L are supposed to
be in the x-direction without loss of generality. Similar
to 1+2-dimensional case, the Lorentz boost is expressed
as
Bvj =


1√
1− v2j /c2
−vj/c2√
1− v2j /c2
0 0
−vj√
1− v2j /c2
1√
1− v2j /c2
0 0
0 0 1 0
0 0 0 1


, (7)
where vj takes the same value as in 1+1
or 1+2 dimensions. And L is again{
RBvj
∣∣R ∈ R and j = 0,±1,±2, · · ·}, where R is
the point group of the corresponding Bravais lattice.
There is no Lorentz symmetry in the y-z plane.
Y in 1+3 dimensions has four primitive vectors.
We use r1, r2 and r3 to denote the three primitive
vectors of the Bravais lattice. If r1 is chosen to
be (0, a1, 0, 0)
T , the temporal primitive vector is then
r
(e)
0 = (
√
g2 − 4 a1/(2c), 0, 0, 0)T for even g, or r(o)0 =
(
√
g2 − 4 a1/(2c), a1/2, 0, 0)T for odd g. A vector of Y
can be expressed as
rn0n1n2n3 = n0r0 + n1r1 + n2r2 + n3r3, (8)
where n0, n1, n2 and n3 are integers.
Note that r1 cannot be chosen arbitrarily. It is re-
quired that r2 and r3 be both perpendicular to r1. Fig. 2
displays the direction of r1 on different Bravais lattices.
The monoclinic, orthorhombic, base-centered orthorhom-
bic, tetragonal and hexagonal lattices can be viewed as
the five 2D Bravais lattices extended in perpendicular
direction, respectively. And this perpendicular direction
must be chosen to the direction of r1. Especially, in the
tetragonal lattice, r1 must lie in the vertical direction in
which the lattice constant is different from those in two
other directions.
Again, the discrete Poincare´ group P is uniquely deter-
mined by the integer generator g ≥ 2. In the case g = 2,
we obtain Bvj ≡ 1 and L ≡ B. And r0 = 0 indicates
a continuous TTS. The symmetry group reduces to the
space group of Bravais lattices.
In the case g > 2, vj(g) = sign(j)
√
1− 4/m2j c is
nonzero for j 6= 0. When one reference frame is moving
at vj relative to another, the Bravais lattice looks the
same for them. And the temporal primitive vector is now
nonzero, indicating that TTS is broken into a discrete
one.
V. DISCUSSION
We have enumerated the symmorphic Poincare´ groups
on 2D and 3D Bravais lattices. An interesting question is
whether the symmorphic Poincare´ symmetry does exist
in real crystals. According to our results, it is possible
to find such a symmetry only in crystals based on the
monoclinic, orthorhombic, base-centered orthorhombic,
5tetragonal or hexagonal lattices. For examples, graphite
and rutile are based on the hexagonal and tetragonal
Bravais lattices, respectively.
If a crystal has symmorphic Poincare´ symmetry, it
keeps invariant under a coordinate transformation of
P = L×Y. L and Y are determined by the generator g.
Each crystal has a unique g. We use f(r) to denote the
density function of a crystal (charge density, spin den-
sity, etc.), where r = (t, x, y, z) denotes the spacetime
coordinates. f(r) is then invariant under a translation of
vector rn0n1n2n3 , where rn0n1n2n3 is given by Eq. (8). As
n0 = 0, this means that the density function is a periodic
function in 3D space, something that is well known. As
n0 6= 0, we obtain that f is also a periodic function of
time:
f(t, x, y, z) = f(t+ T, x, y, z). (9)
It is easy to see that T =
√
g2 − 4 a1/(2c) for even g
or T =
√
g2 − 4 a1/c for odd g. Here a1 is the lattice
constant.
If the generator of a crystal is g = 2, we obtain T = 0.
In this limit, f is independent of time. The density dis-
tribution does not change with time. This is what we
usually think of. But our finding suggests more possibil-
ities. If the generator of a crystal is g > 2, its density
distribution changes periodically with time, even in the
absence of external driving. This is the exclusive fea-
ture of symmorphic Poincare´ symmetry. An experiment
searching for the time periodicity in crystals will then
distinguish whether there exists symmorphic Poincare´
symmetry or not. Let us take graphite as an example.
Its lattice constant is a1 ≈ 6.7 × 10−10m. Its time pe-
riod is then T =
√
g2 − 4 × 1.1 × 10−18s for even g or
T =
√
g2 − 4 × 2.2 × 10−18s for odd g. The time peri-
ods of typical crystals are very small. This may explain
why the symmorphic Poincare´ symmetry has not been
observed up to now.
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Appendix A: Proof of L×Y being a symmorphic
Poincare´ group
Suppose L = {L} is a group of Lorentz transformations
and Y = {r} is a group of translations. We express the
set L × Y as P = {Λ(L, r)|L ∈ L, r ∈ Y}. According
to definition, P is a symmorphic Poincare´ group if and
only if P is a group under the multiplication rule (1).
Therefore, our destination is to prove that P is a group
under the rule (1) if and only if Y is invariant under L.
First, we prove that P is a group if Y is invariant un-
der L. The associativity of the multiplication rule (1)
is obvious. If Λ(L, r) and Λ(L′, r′) are two elements of
P , we have L,L′ ∈ L and r, r′ ∈ Y according to defi-
nition. By using Eq. (1), we obtain Λ(L, r)Λ(L′, r′) =
Λ(LL′, Lr′ + r). Since L is a group, LL′ ∈ L is ob-
vious. And because Y is invariant under L, we obtain
Lr′ ∈ Y and then Lr′+r ∈ Y (Y is a group). Therefore,
Λ(LL′, Lr′ + r) must be an element of P . The closure of
P is proved. Y and L are groups, so that they contain
identity elements. The identity element of Y is r = 0
(no translation), and the identity element of L is L = 1
(no Lorentz rotation). By using Eq. (1), it is easy to see
Λ(1, 0)Λ(L, r) = Λ(L, r)Λ(1, 0) = Λ(L, r) for arbitrary L
and r. Therefore, Λ(1, 0) is the identity element of P .
The existence of identity element is proved. If Λ(L, r) is
an element of P , we have L ∈ L and then L−1 ∈ L, and
r ∈ Y. SinceY is invariant under L, we obtain L−1r ∈ Y
and then −L−1r ∈ Y. Therefore, Λ(L−1,−L−1r) is also
an element of P according to definition. And it is easy
to see that Λ(L−1,−L−1r) is the inverse of Λ(L, r). The
existence of inverse element is proved. As above, if Y is
invariant under L, P must be a group.
Second, we prove that P is not a group if Y is not
invariant under L. If Y is not invariant under L, there
exist L ∈ L and r ∈ Y so that Lr 6∈ Y. Because L and Y
are groups and the set P is the direct product of L andY,
we know that Λ(L, 0), Λ(1, r) and Λ(L−1, 0) are the ele-
ments of P . Their product is Λ(L, 0)Λ(1, r)Λ(L−1, 0) =
Λ(1, Lr). But Λ(1, Lr) is not an element of P . Therefore,
P is not closed under the rule (1). P is not a group.
As above, P is a group if and only if Y is invariant
under L.
Appendix B: Proof of ~v being in the lattice direction
SupposeY is a spacetime lattice obtained by extending
a Bravais lattice in the time direction. B~v is a Lorentz
boost, and it is an element of L. In this appendix, we
prove thatY is invariant under L only if ~v is in the lattice
direction.
In 1 + d dimensions, we can express the spacetime co-
ordinates as (t, x1, · · · , xd)T . Without loss of generality,
we suppose that ~v is confined to the x1-direction. The
matrix B~v then looks like
B~v =


1√
1− v2/c2
−v/c2√
1− v2/c2 0 · · ·
−v√
1− v2/c2
1√
1− v2/c2 0 · · ·
0 0 1 · · ·
· · · · · · · · · · · ·


. (B1)
B~v is a symmetric matrix if we use the unit c = 1. The
diagonal elements are all 1 and the off-diagonal elements
6are all zero except for the first two lines and columns.
Suppose r ∈ Y is a Bravais lattice vector, hence its tem-
poral component is zero. We choose r = (0, x1, · · · , xd)T
with x1 6= 0 without loss of generality. Indeed, there al-
ways exist lattice vectors with nonzero component in the
x1-direction, otherwise, it is not a Bravais lattice.
If Y is invariant under B~v, B~vr must be an element of
Y. And B~v ∈ L infers B−~v ∈ L. Therefore, B−~vr is an
element of Y, hence r′ = B~vr+B−~vr − 2r is an element
of Y. Here we have used the properties of Y being a
group. r′ reads (0, kx1, 0, · · · )T with k = 2√
1−v2/c2
− 2.
We have k > 0 for v 6= 0, and then r′ 6= 0. According to
the definition of Y, r′ is a Bravais lattice vector since its
temporal component is zero. And r′ lies in the x1-axis.
This means that the x1-direction is a lattice direction.
We then proved that ~v is in the lattice direction.
Appendix C: (1+2)-dimensional symmorphic
Poincare´ groups
In this section, we construct the symmorphic Poincare´
groups in 1+2 dimensions. We use (t, x, y)T to denote
the coordinates in 1+2 dimensions. Suppose P = L×Y
is a symmorphic Poincare´ group. Y is invariant under
L. For nontrivial P , L contains at least one Lorentz
boost B~v. And Y is invariant under B~v. As proved in
appendix B, ~v must be in the lattice direction. Without
loss of generality, we suppose that ~v is in the x-direction
and the lattice constant in this direction is a1. Therefore,
r1 = (0, a1, 0)
T is a primitive vector of the Bravais lattice,
and a primitive vector of Y as well.
B~v can be expressed as
B~v =


1√
1− v2/c2
−v/c2√
1− v2/c2 0
−v√
1− v2/c2
1√
1− v2/c2 0
0 0 1

 , (C1)
which is a symmetric matrix in the unit c = 1. B~v ro-
tates r1 into the t-x plane. The sublattice of Y in the
t-x plane is a (1+1)-dimensional spacetime lattice, which
is invariant under B~v. Obviously, this sublattice and B~v
are the elements of a (1+1)-dimensional discrete Poincare´
group. As reviewed in Sec. II, such a group is deter-
mined by an integer generator g ≥ 2. For an even g,
the primitive vectors of the sublattice are r1 and r
(e)
0 =
(
√
g2 − 4 a1/(2c), 0, 0)T . For an odd g, the primitive vec-
tors are r1 and r
(o)
0 = (
√
g2 − 4 a1/(2c), a1/2, 0)T . And
the velocity in the Lorentz boost can only take the values
vj = sign(j)
√
1− 4/m2j(g) c (C2)
with j = 0,±1,±2, · · · .
The lattice Y has three primitive vectors in 1+2 di-
mensions. Among them, r0 and r1 lie in the t-x plane.
While the Bravais lattice has two primitive vectors in the
spatial dimensions, namely r1 and r2. Obviously, r0, r1
and r2 must be the three primitive vectors of Y.
Without loss of generality, we express r2 as
(0, r2x, r2y)
T . An arbitrary vector of Y (dubbed a lat-
tice vector) can be expressed as n0r0 + n1r1 + n2r2 with
n0, n1 and n2 being integers. Y is invariant under B~v if
and only if B~vr0, B~vr1 and B~vr2 are lattice vectors. B~vr0
and B~vr1 are obviously lattice vectors, since r0 and r1 are
the primitive vectors of the (1+1)-dimensional sublattice
which is invariant under B~v.
Let us study the condition of B~vr2 being a lattice vec-
tor. The value of ~v is given by Eq. (C2). And we already
know from Ref. [12] that B~vj = (B~v1)
j
, where the su-
perscript denotes the exponent. Therefore, B~vj r2 is a
lattice vector if and only if B~v1r2 and B−~v1r2 are lat-
tice vectors. Note (B~v1)
−1
= B−~v1 . And the elementary
Lorentz boost is
B±~v1 =


g
2 ∓ 1c
√
g2
4 − 1 0
∓
√
g2
4 − 1 c g2 0
0 0 1

 . (C3)
Now we obtain two equations:
B~v1r2 =n0r0 + n1r1 + n2r2
B−~v1r2 =n¯0r0 + n¯1r1 + n¯2r2.
(C4)
We need to find r2x and r2y so that n0, n1, n2, n¯0, n¯1,
n¯2 are all integers. It is easy to see that r2x must be an
integer times of a1 but r2y can be arbitrary real number.
Without loss of generality, we choose r2x = 0 and rename
r2y as a2. The second primitive vector of the Bravais
lattice is then r2 = (0, 0, a2)
T .
In one word, if P = L ×Y is a symmorphic Poincare´
group and L contains at least one Lorentz boost, two
primitive vectors of the Bravais lattice must be perpen-
dicular to each other and the velocity of the boost is in
the direction of one primitive vector.
With this in mind, we rule out the possibility of
oblique, centered rectangular or hexagonal lattices own-
ing nontrivial symmorphic Poincare´ symmetry. Further
analysis rules out the possibility of the square lattice.
This can be proved by contradiction. We suppose that
a square lattice has the primitive vectors r1 = (0, a, 0)
T
and r2 = (0, 0, a)
T . Its spacetime lattice Y is invari-
ant under the Lorentz boost B~v with ~v lying in the x-
direction. B~v is an element of L. Do not forget that L
contains the point group of the square lattice. In particu-
lar, a rotation of angle π/2 in the x-y plane is an element
of L, which can be expressed as
Rπ/2 =

 1 0 00 0 −1
0 1 0

 . (C5)
B′ = Rπ/2B~vR
−1
π/2 is then a Lorentz boost in the y-
direction. And (B~vB
′B′B~v) ∈ L is a Lorentz boost of
7velocity ~v′. ~v′ makes an angle 0 < θ < π/2 with the
positive x-axis. As proved in above, ~v′ must be in a lat-
tice direction of the square lattice, since Y is also invari-
ant under (B~vB
′B′B~v). And if we use r
′
1 to denote the
primitive vector of the square lattice in the ~v′-direction,
the other primitive vector r′2 has to be perpendicular to
r′1. But this is impossible on a square lattice. There-
fore, a square lattice cannot have nontrivial symmorphic
Poincare´ symmetry.
In two spatial dimensions, there exist nontrivial sym-
morphic Poincare´ symmetry only on the rectangular lat-
tice. If we choose two perpendicular primitive vectors -
r1 = (0, a1, 0)
T and r2 = (0, 0, a2)
T with a1 6= a2, the
Lorentz boost must be in the direction of r1 or r2.
Appendix D: (1+3)-dimensional symmorphic
Poincare´ groups
In this section, we construct the symmorphic Poincare´
groups in 1+3 dimensions. We use (t, x, y, z)T to denote
the coordinates in 1+3 dimensions. Again, we suppose
P = L × Y is a symmorphic Poincare´ group. And L
contains at least one Lorentz boost B~v. ~v is in the x-
direction and the lattice constant in this direction is a1.
r1 = (0, a1, 0, 0)
T is a primitive vector of the Bravais
lattice. The other two primitive vectors are supposed to
be r2 = (0, r2x, r2y , r2z)
T and r3 = (0, r3x, r3y , r3z)
T .
Similarly, we can prove that r2x = 0 and r3x = 0. r2
and r3 must be perpendicular to r1. And the temporal
primitive vector of Y is r
(e)
0 = (
√
g2 − 4 a1/(2c), 0, 0, 0)T
for even g or r
(o)
0 = (
√
g2 − 4 a1/(2c), a1/2, 0, 0)T for odd
g.
In three-dimensional Bravais lattices, the boost must
be in the direction of one primitive vector and the other
two primitive vectors are in the perpendicular direction.
There are 14 Bravais lattices. Only in the monoclinic,
orthorhombic, base-centered orthorhombic, tetragonal,
hexagonal or cubic lattices, there exist two primitive vec-
tors that are both perpendicular to the third one. But
similar to the square lattice in two dimensions, the cu-
bic lattice cannot have nontrivial symmorphic Poincare´
symmetry.
Notice that the monoclinic, orthorhombic, base-
centered orthorhombic, tetragonal and hexagonal lattices
can be created by extending five 2D Bravais lattices in
the perpendicular direction. And this direction is indeed
the direction of the Lorentz boost.
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